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SOME REMARKS ABOUT THE 
UNCERTAINTY PRINCIPLE 

Luis VEGA, UPV/EHU Bilbao

 U. Carlos III, 11-01-2012

¥ Uncertainty Principle (Heisenberg).

• Examples: Schr¬odinger stationary equation (Heisenberg,
Coulomb, Hardy).

¥ Dirac Equation (Pauli, Dirac, Hardy).

¥ Fourier Transform (Heisenberg, PaleyÐWiener, Hardy, Mor-
gan).

• A “dynamic” uncertainty principle: Schrödinger evolution
equation and wave packets.
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Summary



S symmetric !Sf, f " = ! f, Sf "

A skewsymmetric !A f, f " = #! f, A f "

�
(S + A)f, (S + A)f

�
= !Sf, Sf " + !A f, A f " +

�
(SA # AS)f, f

�

Hence

�
(AS − SA )f, f

�
≤ �Sf �2

L 2 + �Af �2
L 2

Uncertainty Principle
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A �→ ± λA ; S �→ 1
λ
S

���(AS ! SA)f, f
��� " 2#Sf #L2#Af #L2

A !! A "
�
Af, f

�
1 ; S !! S " # Sf, f$1
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Sf = xf ; Af = f !

AS ! SA =
d

dx
x ! x

d

dx
= 1.

(S + A)f = 0 !" f (x) = ce−x 2 / 2

(S ! A )(S + A )f = ! f �� + x2f ! f = 0 Harmonic Oscillator

1.Ð)

�f �2
L 2 ≤ 2�f !�L 2�xf �L 2 .
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Examples

2.Ð) Sf =
x
|x| ; Af = ! f

AS ! SA =
d ! 1

|x|
(d " 2)

�
d ! 1

|x| |f |2 " 2

��
|f |2

�1/ 2 ��
|# f |2

�1/ 2

(S + A)f = 0 !" f (x) = ce! |x |

Coulomb Potential(S − A)(S + A)f = −! f − d− 1
|x|

f + f = 0

6



HardyÕs Inequality

(S + A)f = 0 !" f = |x|1! d
2

!
# f /$ L2"

3.Ð)

(S ! A)(S +A)f = ! ∆f !
(d ! 2)2

4|x|2 f = 0

!
! ! !

(d ! 2)2

4|x|2
is not selfÐadjoint

"

! "
(d ! 2)2

2|x|2
|f |2

# 1/ 2

"
!
2

"
|# f |2

# 1/ 2

Sf =
d ! 2

2
x

|x|2
f ; A f = " f d # 3

(AS ! SA)f =
(d ! 2)2

2
1

|x|2
f.
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Angular momentum:

L = x ∧ i∇ ; L = ( L 1, L 2, L 3) , x ∈ R3.

CR: [L 1; L 2] = −iL 3 ; |�L 3f, f �| ≤ 2 �L 1f � �L 2f � .

Pauli matrices:
! = ( ! 1, ! 2, ! 3) ; ! j ! k + ! k ! j = 2 " jk , ! t = ! .

!(! 1L1 + ! 2L2) f, (! 1L1 + ! 2L2) f "

# $ ! 1L1f$2 + $! 2L2f$2 + !(! 2L2! 1L1 + ! 1L1! 2L2) f, f "

As a consequence:

CR: [! 1; ! 2] = −2i ! 3 ; |�! 3f, f �| ≤ �! 1f � �! 2f � .

! ! 3L3f, f " # $ ! 1L1f$2 + $! 2L2f$2

! (1 + σ áL)f ! " ! f ! .
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Dirac Equation



Ground State Hydrogen Atom

(M. Esteban, E. Sere)

H = ! ái! + m" +
#
|x|

m = 1 ! υ
1 =

�
1 ! " 2 " " (0, 1)

! j =
!

0 " j

" j 0

"
j ∈ { 1, 2, 3} ; # =

!
1 0
0 −1

"

!
|ψ|2

dx
|x|

!
!

|x| |σ á" ψ|2 dx

!
|! |2

dx
|x|

≤
!

R3

"
|" á∇! |2

1 + 1
|x|

+ |! |2
#

dx
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(with J. Dolbeault, M. Esteban, M. Loss)

Theorem 1 .– H = α ái ! + V1 with |V (x)| "
υ

|x|
, υ < 1 and

D (H ) =
�
ψ # L 2 s.t. Hψ # L 2

�
is self–adjoint.

• Rellich, Schmincke: If υ >

!
3

2
then H is not essentially

selfÐadjoint in C !
0

�
R3 \ {0}

�
.

¥ Schmincke, Wust, Nenciu: ! ! selfÐadjoint extension such

that
!

|! |2
dx
|x|

< + " .
�

|! |2 dx
|x| ≤

�
|(" · i∇ + i1) ! |2 |x|dx

The constant is sharp .
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(with N. Arrizabalaga and J. Duoandikoetxea)



Define for ! ∈ Rn

!f (ξ) =
1

(2π)n/ 2

"

Rn
e! ix ξf (x)dx

¥ !! f (! ) = " i ! "f (! )

¥ �f �L 2 = � !f �L 2

¥ Heisenberg
! f ! 2L2 " 2! xf ! L2 ! ξ !f ! L2 .

Identity holds i ff f = ce! x2/2.
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Uncertainty Principle (Fourier Transform)

DeÞne for! ∈ Rn

!f (! ) =
1

(2" )n/ 2

"

Rn
e! ix ! f (x) dx

Assume that

f (x)e
| x | 2

! 2 ! L 2

�f (! )e
| " | 2

# 2 ! L 2

" 2#2 " 4.

Then

f ! 0
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 Hardy's uncertainty principle (Cowling, Price)



�
|f |2e−|x |p dx < +∞

1 < p < !
1
p

+
1
p�

= 1

PaleyÐWiener

then �f can not have compact support.

If
!

|f (x)|e! ! |x|dx < + ! , ! > 0,

then u ! 0.

If

!
| "f |2e! |ξ|p !

d! < +∞
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Morgan and Paley-Wiener

About the proofs in the constant coefficient case (key words):

➤ Uncertainty principle:

• Positive Commutators.

! HardyÕs theorem:

¥ Analyticity, Cauchy–Riemann equations,
Log convexity.

• LiouvilleÕs theorem.
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S an A as before
! t v = ( S + A)v

H (t) = !v, v"

Ḣ (t) = �vt, v�+ �v, vt�
=

!
(S + A )v, v

"
+

!
v, (A + S)v

"

= 2�Sv, v�.

Ḧ (t) = 2
!
Svt , v

"
+ 2

!
Sv, vt �

= 2
!
(S + A )v, Sv

"
+ 2

!
Sv,(S + A )v

"

= 4�Sv, Sv�+ 2
!
(SA − AS)v, v

"
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 Log-Convexity (a dynamic uncertainty principle)

(lg H(t)) áá =

!
úH
H

" á

=
¬HH ! úH2

H2

=
1

"v, v#

#
4"Sv, Sv#"v, v# ! 4"Sv, v#2 + 2

$
(SA ! AS)v, v

%&

$ 2
$
(SA ! AS)v, v

%

Hence if 2
�
(SA ! AS)v, v

�
" 0 then

H(t) ≤ H(0)1−t
H(1)t

More generally if

2
�
(SA ! AS)v, v

�
" ψ(t)#v, v$,

then

H (t)e! B(t) ! H (0)1! tH (1)t,

¬B = ! (t), B (0) = B (1) = 0 .
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with
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Free Schršdinger Equation

S.E.
!

! tu = i ! u x ! Rn t ! R
u(0) = u0

u(x, t) =
1

(it)n/ 2

!

Rn
ei | x −y | 2

4 t u0(y)dy

=
1

(it)n/ 2
ei | x | 2

4 t

!

Rn
e! i x

2 t áyei | y | 2

4 t u0(y)dy

f(y) = ei
| y | 2

4t u0(y),

!f(x) =
1

(2π)n/2

"

Rn
e! ixyf(y)dy.

Hence
u(0)e

|y |2

! 2 ! L 2 "# fe
|y |2

! 2 ! L 2

u(T)e
|x |2

" 2 ! L 2 "# !f
" x

2T

#
e

|x |2

" 2 ! L 2.

HardyÕs uncertainty principle:

!" ! 4T then u " 0

Time/Energy uncertainty principle (Wave Packets)

u(x, t ) =
1

(t + i )n/2
e−

| x | 2

4( t + i )

|u|2 =
1

(t2 + 1) n/2
e

! | x | 2

2(t 2+1)

• uR (x, t ) = u
!
Rx, R 2t

"
is also a solution.

¥ ut 0(x, t) = u
!
x, t ! t0

"
is also a solution.
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u = u(x, t )

! tu = i(! + V )u x ! Rn

• e
| x | 2

α2 u(0) ! L2

• e
| x | 2

β2 u(T ) ! L2

• !" small enough

!
"""#

"""$

=" u # 0
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Schršdinger Equation with a Potential

Theorem 2 .– u ∈ C
!
[0, T ] : L 2(Rn )

"
solution of

! t u = i (∆+ V )u x ∈ Rn t ∈ [0, T ].

u(0)e
|x |2

α2 ∈ L 2 ; u(T)e
|x |2

β2 ∈ L 2,

and "# < 4T , then u ≡ 0.

Hypothesis on the potential:

H1 V = V0(x) + perturbation with a gaussian decay
V0 real and bounded

H1 ! V = V (x, t)

lim
R "#

� T

0
sup

|x |$ R
|V |dt = 0
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With C. E. Kenig, L. Escauriaza and G. Ponce 



Theorem 3.ÐThere exists a non-trivial u ! C
!
R : L 2(Rn )

"
solu-

tion of
! t u = i (∆ + V)u x ! Rn t ! R,

with V = V(x, t ) ! C and |V (x, t )| " C
1+|x |2 , such that

u(0)e
| x| 2

! 2 ! L 2 ; u(1)e
| x| 2

" 2 ! L 2,

and " 2#2 = 4.
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Theorem 4 .– u1, u2 ∈ C
!
[0, T ] : H k(Rn)

"
strong solutions of

! tu = i (! u + F (u, u)) x ∈ Rn t ∈ [0, T ].

k >
n
2

; F regular ; F (0) = ! uF (0) = ! uF (0) = 0.

Assume

e
| x | 2

β2 (u1(0) − u2(0)) ∈ L 2,

e
| x | 2

α2 (u1(T) − u2(T)) ∈ L 2,

!" < 4T.

Then u1 ≡ u2.
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Non-Linear Schršdinger Equation



¥ ∂t u = i ! u

• e
|x |2

2 u = v

¥ H (t) = �v(t)�2
L 2 = �v(t), v(t)�

• ! t v =
!

e
| x | 2

2 i ! e−
| x | 2

2

"
v

= i
#

j e
| x | 2

2 ! 2
j e−

| x | 2

2 v

= i
#

j e
| x | 2

2 ! j e−
| x | 2

2 e
| x | 2

2 ! j e−
| x | 2

2 v

= i
#

j (xj ! ! j )(xj ! ! j )v

= i
$
|x|2 ! 2x · " ! 1 + !

%
v (C–R)
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 A Particular Example 

∂t v = ( S + A)v ; Sv = ! i (2x · " + 1) v ; Av = i (! + |x|2)

SA − AS = −4! + 4 |x|2

!
SA − ASv, v

"
= 4(�∇v�2 + �xv�2) ≥ 4�v, v�.

Hence

(lgH(t))áá≥ 8

H(t) ! H(0)1! t
H(1)t

• Therefore u has a gaussian decay for 0 < t < 1 !!!

Remark .– If u0 has gaussian decay then eit ! u0 does not necessar-

ily have it for t > 0
�

u0 = (sig x)e! |x |2
�

.
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and



Theorem 5 .Ð

H (t) =
!

Rn

|u(x, t )|2ea(t) |x|2
dx < C

"
H (0) + H (1)

#
.

with

a(t) =
R

4
"
1 + R2(t ! 1/ 2)2

# for someR > 0,

and

a(0) =
R

(4 + R2)
= µ "

1
4

!!.

Above R is the smallestR such that R
(4+ R2 ) = µ.
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Define

H (t) =
!

ea( t ) | x| 2

2 u, u
"

t ! [" 1, 1]

Then H is (formally) 1 /a Ðlog convex ifa solves

(! ) ¬a "
3
2

úa2

a
+ 32a3 = 0 .

If a(x) solves (! ) then aR (x) = Ra(Rx) is also a solution. This
easily leads to a contradiction !!!
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Misleading algebraic manipulations



¥ Sharp version of HardyÕs theorem (joint work with
M. Cowling).

¥ Paley–Wiener theorem.
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Further results

• MorganÕs theorem (Bonami, Demange, Jaming).

• Blow up proÞles for nonÐlinear dispersive equations
(Meshkov counterexample).

MUCHAS GRACIAS POR 

SU ATENCIîN
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