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Summary

¥ Uncertainty Principle (Heisenberg).

e Examples: Schredinger stationary equation (Heisenber
Coulomb, Hardy).

¥ Dirac Equation (Pauli, Dirac, Hardy).

¥ Fourier Transform (Heisenberg, PaleybWiener, Hardy, Mot
gan).

e A “dynamic” uncertainty principle: Schrodinger evolution
equation and wave packets.




Uncertainty Principle

S symmetric ISf,f" = If Sf"

A skewsymmetric 'Af,f" = #f, Af"

((S+ A)f, (S+ A)f ) = ISf, St "+ IAf, Af"+ ((SA # AS)f,f )

Hence

((AS —SA),f ) <|ISf|f. + |Af[F2

[((AS! SANf )| " 2#ST #2#AF #,2
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Examples

1.D Sf = xf : Af =f'
d d
I ol =
AS! SA = dazx xd:c 1.

IF 112 < 20F iz [IxF (|2
(S+ Af =0 I f(x)= ce™2

(S!I AY(SH+A =1 f"4x*f 1 f=0 Harmonic Oscillator

2D Sf = — ; Af =1 f

|
ASISA_.O'—l;l—1 @d" 2)

JErli (/W)m (f1e f|2)1/2

(S+A)f=0 T f(z) = ce' I

d-1

(S—A)S+A)f = -1 f - —f +f =0 Coulomb Potential




(d! 2)2 1
| =
(AS! SA)f > e
9 H 1/ 2 ! 1/ 2
(d2!| |22) ]2 "o Hf? HardyOs Inequalit
X

(S+A)f=0 I f=lz*t  #fgI2

(d! 2)?

f =
axe Y

(S! A)(S+AF =! Af !

(d! 2)?

I i
4)x|?

Is not selfbadjoint
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Dirac Equation

Angular momentum:
L=xAiV; L=(LyLoLs), xeR3,

CR: [LysLo] = —iL3z; [(Laf,f )] <2|L.f |[[[Lof].

Pauli matrices:

L=(Vq, Yo, ts); Nl + 1yl =2, =1,
CR: ['q;l2]= =2itg; [(Laf ) < [1af [ of ]
L(1 1Ly + 1 oLo) f, (V1 Ly + 1 oLo) f"
#S Ly fS + % oLofS +1(12Lo) 1Ly +11Ly! oLo) f, f"
W aLaf, f"#$! L1 f$ + $ o Lo f$

As a consequenc
1+ caL)f!"! fr.




(with J. Dolbeault, M. Esteban, M. Loss)

o dx
[x]

|| IX||o &" | dx
dx _ o mav!

P <
|X| R3 1—|- Tal

+ ! |2 dx (M. Esteban, E. Sere

Ground State Hydrogen Atom

H=1 & +m" + —
||
0 | 10
| . = J . —
T om0 peit2zs o #= 5
m=1 1V = /11 "2 (0,1)

(with N. Arrizabalaga and J. Duoandikoetxea)

Theorem 1 .~ H = a &i! + V1 with |V (x)| " I;}_I v < 1 and
D(H)={¢#L? st. Hy# L?} is self-adjoint.

e Rellich, Schmincke: If v > 73 then H is not essentially
selfbadjoint inCy (R*\ {0}).

¥ Schmincke, Wust, Nenciu: !! selfbadjoint extension suc
5 dX
that |!|°— < +
IX]

JUEg < 10 v iny P o

The constant is sharp
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Uncertainty Principle (Fourier Transform)
Define for ! € R"”

1

FO= Gz

e X&f (x)dx
Yy hfoy="itf()
¥ I e = [[F]|Le

¥ Heisenberg
L2, 2 fl L Ef o
Identity holds i ff f = ce' /2.
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Hardy's uncertainty principle (Cowling, Price)

Debne for! ¢ R™

1

F) = CLER et X! f(x) do

Assume that

flyes 1 L2

n 2#2 " 4
Then
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Morgan and Paley-Wiener

If
/|f lPe P dx < +o00
if'[2€' 167 dl < + oo
1 1
l1<p< | “+ - =1
P p P
then» ! O.
PaleybWiene
If|f(x)]e 1*lde < +1 | 1 >0,

then f can not have compact suppori
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About the proofs in the constant coefficient case (key words):

» Uncertainty principle:

e Positive Commutators.

I HardyOs theorer

¥ Analyticity, Cauchy-Riemann equations,
Log convexity.

e LiouvilleOs theoren
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Log-Convexity (a dynamic uncertainty principle)

S an A as before

ltv=(S+ A)v
H(t) = !v,Vv"

H(t) = ,<Vt’V>+<V’Y.t> | )
= (S+A))V,v + V,(A+S)v
= 2(Sv,v).

H(t) = 2;Svt,v +2'S:I\/,vt>I

= 2(S+ANV,SV +2 SV (S+A)
= 4(SV,SV) +2 (SA —AS)v,v
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(Ig H())*

M " HH' KR
H  H?2
1 # $

- 4"Sv, Svt, vt 4"Sv, v +2 (SA! AS)v,v
, Vi %

$ 2 (SA! AS)v,v

Hence if 2((SA! AS)v,v)" 0 then

H(t) < H(O)*  H(1)"

More generally if

then

with

2((SA ! AS)V,V) " o(t)#, v§

H(t)e PO 1 HO)" 'H (),

B=1(t), B()=B(l)=0.
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Free Schrsdinger Equation

l,u = ilu x!'R" t! R
S.E. u0) = U
1 Cx—yl?
)y = T, d
I
1 x12 x & ilv1?
) WG' at LISy o g uo(y)dy
Rn
ly |2
fly) = e uoly),
1 1T
Vo) = G ¢ W
17
Hence v |2 Mk
u(@®erz | L2 % ferz | L2
Ix |2 ! X # Ix |2
u(T)e 2 1 L2 % f > e ! L2,

HardyOs uncertainty principle:
" 1 4T then u" 0

Time/Energy uncertainty principle (Wave Packets)

x| 2

2 _ ' e
W= ez

e Ur(X,t) =U Rx,R?t is also a solution.

¥ ulo(z,t) =wu x,t! ty is also a solution.
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Schrsdinger Equation with a Potential

u= u(xt)

Leu=1(! + V)u x! R"

X 2 mn
° el_alz_u(O) I [2 ]
1x|2 #
o e”y(M! 1?2 , = u#0

e !" small enough$
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With C. E. Kenig, L. Escauriaza and G. Ponce

Theorem 2 —ucC [0,T] : L2(R") solution of

liu=i(A+V)u xeR" te][0,T].

|x |2

12
ue=" eL? ; u(M)er elL?

and "# < 4T, then u = 0.
Hypothesis on the potential

H1 V = Vu(x) + perturbation with a gaussian decay
Vo real and bounded

H1' V= V(x,t)
T
lim / sup |V|dt=0
R*% Jo |x|$R
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Theorem 3.DThere exists a non-trivialu! C R : L2(R") solu-

tion of
lu=i(A+ V)u x! R" t! R,

with V = V(x,t) ! C and |V (x,t)|" 1+‘|:—X|2 such that

x| 2 || 2
w2

u@)er 1 L2 u(l)e"z ! L?

and " 2#2 =4,
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Non-Linear Schrsdinger Equation

Theorem 4 .—uy,u; € C [0,T] : HF¥(R™) strong solutions of
lhu=i(! u+F(u,0)) xeR" tel0,T].
k> g . F regular ; F(0)=!,F(0)="!F(0)=0.
Assume
1x12
e #” (u1(0) — uz(0)) €L?,
e (ui(T) — uy(T)) € L2,
" < 4T.

Then u; = us.
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A Particular Example

e €2 U=yV

¥ H()= [v(t)lIZ. = (v(t),v(t))

X1, Ix
o lhv = ezile 2 v
H 2, 2
= 1 ez !je 2V
HT k2 112 |x|2 1x]2
= | J-ez',e—zez',e—zv
H#
LR Rl
_ 0
= 0 |x2! 2x-"1 14! v (C-R)
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dv=(S+ Av ; Sv=1li@2x-" +1)v ; Av=i(l + [x]»)

SA —AS = -4l +4|x)?
"SA — ASv,v = 4(||VV|]* + [|xv|?) > 4(v,V).
Hence
(Ig H(t))* =8
and

H@t)! HO)" 'H(1)

e Therefore U has a gaussian decay for 0 <t< 1!!!

Remark .- If ugp has gaussian decay then €'' ug does not necessar-

ily have it for t > 0 (uo — (sigx)€ IXIQ).
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Theorem 5 .B
! ]

2 ! #
H(t) = lu(x, t)]2e*z" dx < C H(0)+ H(1) .

R
with R
a(t) = 4"1 TR ]JZ)Z# for someR > 0,
and R 1
a(0) = @+ RD =u" 21!!.

Above R is the smallestR such that /5y = .
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Misleading algebraic manipulations

Define

|| 2

H(t)= e® %y y t!["1,1]
Then H is (formally) 1/aPlog convex ifa solve:

(1 a" g§+32a3:0.

If a(x) solves (1) then ar(x) = Ra(Rx) is also a solution. This
easily leads to a contradiction !!!
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Further results

e MorganOs theorem (Bonami, Demange, Jamin

e Blow up probles for nonblinear dispersive equatiol
(Meshkov counterexample).

¥ Sharp version of HardyOs theorem (joint work wit
M. Cowling).

¥ Paley—Wiener theorem.
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MUCHAS GRACIAS POR
SU ATENCIIN
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