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(a) Defocusing

(b) Focusing

∂tu = i (! u+ V u) x ! Rd t ! R

• V = V (x, t)

• V = ±|u|p

• ∆ � L = ∆y ! ∆z ; x = (y, z)
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Asymptotics for Schrödinger Equations



d ≥ 3

• V = V (x) short range and repulsive

Remarks .Ð (i) ! �" ∂r

(ii) d = 3 slightly di fferent

(iii) Uniqueness result

• V = −|u|p 4
d
< p ≤ 4

d− 2

Theorem 1 (with N. Visciglia).–
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Defocusing Case   
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• lim
t !"

Ḣ(t) =
1

2
! #(∞)�f�2

Ḣ 1/2
V (Rd)

H (t) =
�

ψ(|x|) |u(x, t )|2 dx

Ḧ =?

• −∆2! ≥ 0 =⇒ d ≥ 3.

Remark.– Similar result for the wave equation: equipartition of
energy.

Ḣ (t) = −2Im

�

Rd

∇! ∇uudx

Proofs: Morawetz/Virial Identity
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Two scenarios:

(i) Blowing up profiles.

∂tu = i
!
∆u + |u|4/du

"
x ∈ Rd

u(x, 0) = u0(x) ∈ L2(Rd)

u(x, t ) =
1

(1 − t)d/ 2
ei |x |2/ 4(1−t )eiw/ (1−t )Qw

�
x

1− t

�

wQw = ∆Qw + Q
4
d +1
w ; w > 0 Qw = Qw(r) Q ≥ 0

Qw = wd/4Q
!
w1/2x

"
; Q with linear exponential decay

Q1: Is this linear exponential decay optimal?

Q2: What happens if ! !→ L = ! y − ! z x = (y, z)?
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Focusing case (L. Escauriaza, C.E. Kenig, G. Ponce)

Nonexitence of ground states, J. M. Ghidaglia, J. C. Saut

(ii) Eigenfunctions/Eigenvalues:

∂tu = i (−! + V )u

(−! + V )u = wu

V = V (x) real w < 0

Meshkov:

(∆+ V )u = 0 x ∈ Rn V = V (x) ∈ L∞(Rn) maybe complex

If
!

e2a|x|4/3 |u|2dx > 0 ! a > 0 then u " 0.

The result is sharp.

|V (x)| ≤ C

(1 + |x|)1/2+

Q3: What happens if V = V (x, t )?

�
e2a|x | |u|2dx < +∞ ∀ a > 0 then u ≡ 0.

R. Froese, I. Herbst, T. Ho! man–Ostenhof, and M. Ho! man–Ostenhof

Cruz–Sampedro:
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Theorem 2.– Assume u is a smooth solution of
!
"#

"$

∂t u = i (Lu ± | u|pu) x ! Rd t ! R p =
4

d

%
p "

4

d

&

u(x, 0) = u0

such that there exists Q = Q(x) with

|u(x, t )| #
1

(1 $ t)d/ 2
Q

%
x

1 $ t

&
t ! ($ 1, 1)

Then there exists λ0 big enough such that if λ " λ0 and
'

eλ|x |Q2(x)dx < +%,

then u & 0.
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Theorem 3.– If u ! H 1(Rd) is a solution of

!
"#

"$

¥ ∂t u = i (L + V (x, t )) u ; V (x, t ) ! R

¥ |V (x, t )| "
C

(1 + |x|)1/ 2+�
� > 0

Then there exists λ = λ0 (#V#L ∞ , �) such that if

($) sup
t

%
e2λ|x | |u(x, t )|2 dx < +%

for λ & λ0 then u ' 0.
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Remarks.–

¥ Galilean invariance gives a similar result for traveling wave
solutions.

¥ (! ) can be relaxed.

¥ The result can be extended to Laplace equation. The ques-
tion is then about the existence of wave guides (j.w. with L.
Escauriaza and L. Fanelli).
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Blow up:

Pseudo conformal transformation:

u(x, t) =
1

(1 ! t)d/ 2
w

�
x

1 ! t
,

1

1 ! t

�
ei |x|2

4(1! t)

Then u satisÞes a similar equation butT = 1 becomesT = + ∞.

The proof follows a similar argument to the one of Theorem 3.

Notice that the L 2
norm is a preserved quantity. Hence if it is zero

at infinity the solution is zero.
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About the Proofs



Ḧ ?

H(t) =

�
e
2!" |u(x, t)|2 dx

=

�
|w(x, t)|2 dx

w = e!" u.

∂tw = (S + A )w + iV (x, t)w

L = ! : S = −iλ (2∇ϕ ·∇+∆ϕ)

A = i
�

! + λ2 |! ϕ|2
�
.

(If V ! 0)
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Proof of Theorem 3
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Two Identities
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